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The psychology behind excelling in Mathematics

At some point in our lives, we tend to ask ourselves what we can do to be proficient in Maths and how we can
master it. The common answer is practice, practice and practice. But why is Maths important,
and who can excel in it?

Why do you want to do well in Maths? Why does Maths even matter?

Maths is a gateway subject. Numerous careers and job opportunities are unlocked
by good Maths results. If your Maths result is too low, you will be excluded from many
degree courses linked to highly paying jobs.

Even if you don’t have a university career in mind, Maths is essential in your everyday life. A solid foundation in
Maths makes decisions in your everyday life easier (e.g. how do | calculate a tip in a restaurant, how do | know
how much a loan will cost, or how much do | need to save for that car at a certain interest rate?).

3 Getting good Maths results, is an investment you are making in your lifetime earnings.

Who can succeed in Maths?

Countless studies show that success in Maths is not about how smart you are. It is about how hard you work and how
focused you are on achieving good results. There are steps that we can all take to make us more focused so that we
can get the results we want.

How can | succeed?

PRACTICE GOALS PLACE PRACTISE BASICS TEST REWARD
Maths is a discipline that = Set progressive study goals, Find a suitable place to Practise daily. Start Get the basics right. Take a practice test. Reward yourself when
requires repeated, e.g. “I'll study for study, where you can with 20 minutes, Algebra is the Check that you you achieve your study
deliberate practice to 30 minutes every focus without then progress. foundation. Being understood what you goals in simple and
master the subject by afternoon”. distractions. proficient in algebra have been studying. affordable ways that
doing activities or tasks, enables you to Don't lie to yourself make you feel happy.
observing the outcomes understand all other about knowing
and working on any topics in Maths. the work. Prove it!

mistakes and
misunderstandings that
may occur.

Research proved that this practice will eventually become habitual. It does take time, however, this is where discipline and determination come in.

Crack the Maths Code Study Guidem



Challenges that prevent learners from studying,
and techniques that can be used to resolve them

Challenges

Learners who are overloaded with information may find
school work stressful and may find it difficult to know
where to start in terms of completing homework.

The intention-action gap is the difference between what
we say we would like to do or what we have planned to
do and what we actually end up doing. Learners may
intend to complete their homework, but may end up
forgetting or simply choosing to do something else with
their time and energy.

Learners’ attention is a scarce resource. In a learning
environment, learners will pay attention and remember
information if it is presented in an exciting and
personally relevant way.

When learners see their peers repeatedly doing their
homework, their behaviour may converge towards the
behaviour they observe. This is an example of social
proofing.

We prefer rewards that are received sooner and costs
that are borne later.

Learners perceive homework as a cost because it
results in them having less time for leisure. Learners
may prefer to postpone homework as far as possible
so that they can enjoy the immediate rewards resulting
from using their time for leisure

We respond differently to identical information based
on how it is positioned. We also respond differently
depending on who is giving us the information. The
value of studying is often framed by teachers and
parents (e.g. in terms of university admission and the
ability to get a good job). However, learners may not
respond to such framing if they do not value or
believe in these benefits.
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Effective techniques

Checklists are helpful to remember important steps and
to break down large tasks into smaller items that can be
checked off.

Intention statements are statements you write detailing
what you want to do in the future and how this can be
achieved. An intention statement will make it easier for
you to achieve your goal (e.g. “achieve an A in Maths
by the end of the year by completing six hours of
homework a week”).

Deadlines provide implementation intentions for
activities. Learners are more likely to achieve a goal if
they have a clear date by which they need to do this
(e.g. small deadlines leading up to the test date).

Provide learners with the opportunity to find ways in
which an exercise relates to their life experiences and
interests. Exercises and activities will be more
meaningful if learners find them personally relevant.

A commitment contract is when you are actively
committing to another to achieve a certain goal. This
encourages follow through in a specified timeframe.

When one learner commits to another, they will feel
mutually responsible to uphold their commitments to
each other. This is called reciprocity.

Our actions can be influenced by subconscious cues,
therefore exposing learners to prompts a few days
before a test can encourage them to study.
Prompting for honesty is an attempt to get learners
to accurately record their study progress (e.g. they
can be prompted to sign their reporting sheets,
thereby stating that what they are reporting is true).

Engage with an influencer whom you trust and who is
in a role you aspire to be in. Get them to share your
study journey.
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2. Find a comfortable place to study with good lighting and as few distractions as possible. Avoid studying in bed, as it will be tempting to
take a nap.

3. The best way to study is to work on each topic individually. This way, you will get to understand the basics. Start by reading the
chapter notes, then do the worked examples before attempting the exam exercises at the end of each chapter.

4. Focus for 40 to 90 minutes, then take a 10-minute break. Do some exercise during your break. Regular exercise promotes
concentration.

5. The key to mastering Maths is repetition. It is true that practice makes perfect. Practise by doing a sum or activity and note your

problem areas using a pencil. Then try doing the sum or activity again. Master the basics!

Make sure to study the most difficult material when you are most alert and do the easier topics when you are not quite as focused.

Work through the whole book without skipping any chapters, exam calculations and exam exercises. Meticulous care was taken to

select the most suitable exercises to best prepare you for the exams.

8. Understand and memorise the derivation of proofs and mathematical symbols.

9. Focus on the exam. Knowing the material is only part of it. Do as many mock exams and past papers as possible to practice time
management and be comfortable with exam standards.

10. Lastly, have fun!

—
.

N o
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Algebra quick wins and mnemonics

This section is designed to support learners who find Algebra challenging.
With a few mnemonics and smart strategies, you can make Algebra easier and
more manageable.

“Let's crack the code together!”
1. Know your BEDMAS like a Pro

Mnemonic: B - Brackets, E — Exponents, D — Division, M — Multiplication,
A — Addition, S — Subtraction.

Quick Win Tip: Always check brackets first. Never add or subtract until you've
handled powers and brackets.

2. The GOLDEN Rule of Equations
Mnemonic: ‘Balance both sides like a see-saw.’

Quick Win Tip: If you subtract 2 on one side, do the same on the other to
keep the equation balanced.

3. Factoring Trinomials? Use the rainbow method!
Mnemonic: ‘Multiply, Match, Break, Factor’

Steps:

1. Multiply a X ¢

2. Find two numbers that multiply to give ac and add to give b
3. Rewrite the middle term using these numbers

4. Group and factor.

Example: Factor x2 + 5x + 6 - (x + 2)(x + 3)

4. Remember your identities

Square of a Binomial: (@ + b)?2 = a2 + 2ab + b2

Mnemonic: ‘Square the first, double the product, square the last!’
Difference of Squares: a2 — b2 = (a + b)(a — b)

Mnemonic: ‘Same signs, different signs!’

5. Solving Quadratics? Use the STAR Formula!
[~ + Vb7~ dac]

Formula: x = 7
a

Mnemonic: ‘x equals minus b, plus or minus, the square root, of
b squared minus 4ac, all over 2a.’

6. Signs in Algebra, don’t get tricked

Mnemonic: ‘Same signs add, keep the sign. Different signs subtract, keep the
sign of the bigger number.’

Quick Win Tip: Underline the operation sign before calculating to prevent
sign errors.

7. Check your final answer

Quick Win Tip: Plug your answer back into the original equation to check if it
balances both sides. Use your calculator for quick results.

Final

Don’t panic when you see Algebra. Break it down, line by line. Use your
mnemonics. Stick to the process. You've got this!

"“Every algebra problem is just a puzzle, and you've got the maths code to
crack it.”

_ Algebra Quick Wins and Mnemonics




Algebra

Binomials and trinomials

Solve binomials and trinomials using factorisation and/or the quadratic equation

<O

= | Key concepts

Factorising trinomials and algebraic expressions
Laws of Exponents

Solving inequalities

Solving simultaneous equations

Applying nature of roots to functions

The plus (+) and minus (-) signs indicate that there are two (2) solutions.

-b|xp* -4
ax?>+ bx + ¢=0][a, band (] x=

Important steps to solving equations:

1. Transposing: Every variable that moves across the equal
sign changes its sign.

Example: Given x? = 4x + 8. Transpose all the variables
to the LHS of the equation.

"\
x>2=4x+8 x?-4x-8=0

K

2. Multiplying out brackets: A variable outside a bracket

is distributed into the brackets and multiplies all the
variables in the brackets.

Example: Expand and simplify the following:
a) xlx+1) b) &+ Nk-1)

a) x(éle-\lf) b) &+ Dk-1)

>

x2+ 1x x2-x+x-1
x2+x nxr-1

3. Simplifying square roots: Always isolate variables with
the square root and simplify by squaring both sides of
the equation.

Example: Solve for x: Jx + 5 = x + 3

Remember

Wx+5)° = &+ 32 @

x+5=0+3)K+ 3 A square root
> cancels a square,

x+5=x24+3x+3x+9 and vice versa.

x2+5x+4=0
G+ +1)=0,x=-4dorx=-1

Always validate or perform a check! Substitute the solutions
into the equation. If a solution is substituted into the equation
and the LHS = RHS of the equation, then that solution is
valid.

V-4 +5=-4+3 - 1+#-1..x=-4isnota valid solution.
Vv=-1+5=-1+3=2 ..x=-1isa valid solution.

Binomials and trinomials




Activity 1 RTINSl RiglaleloIELS 16 -
. X =

4
Sox=2190rx= —0,68

1.7 4x>+11x+4=0

1. Solve for x:
1.1 x24+2x=0

1.2 4x2 =25 —11 ++57
x = 1L XN57
1.3 x2-5x=2 8
sox=—0431orx=—232
1.4 +1%=16
1.8 2x+6=x>—2x+1

1.5 2x2—-3x—7 = 0 (correct to TWO decimal places) 5

x>—4x—5=0

1.6 2x?-3x—-3 = 0 (leave your answer in simplest surd form)
17 4 +3+11=0;x#0
1.8 V2x+ 6 =x-1

S +FD—=5=0

x#—lorx=15

1.9 5—x=1+2x+x>2
1.9 5-x+x=-1 43 —4=0
110V5-2¢ -3 =4 =D+ =0
Solutions SxFlorx=—4
1. 1.1 x&+2)=0 110 m_%:4
sx=0orx= -2

(F=2x)" = (4+2)

1.2 2x—52x+5 =0 >
5-2x=16+4x +

_ 5 _ _5
=2orx=—2
7 2 B .
13 x=3200 45— 20) = 4(16 + 4x + %)
Sox=5370rx=—0,37 20 — 8x = 64 + 16x + x?
14 x+ 1= =4 x2+24x +44 =0
x=—5o0orx=3 x+2)x+22)=0
_ 3++65
1.5 x==— Sx= =2 xF —22

Sox=27Torx=—1,27

Binomials and trinomial n



Simultaneous equations

Simultaneous equations consist of two unknown variables
from two equations.

Note

Steps to solving simultaneous equations

Step 1: From the two equations, label one equation, equation
1, and the other equation, equation 2.

Step 2: Construct (make) equation 3 from either equation 1 or
equation 2.

Note @ Tip!

One of the equations will have
a variable with a coefficient of
+ 1, make that variable the
subject of the equation.

Always choose the simple
(or less complex) equation to
construct equation 3.

Step 3: Substitute equation 3 into the unused equation.
Always put equation 3 in brackets when substituting it
into the unused equation.

Step 4: Substitute the answer of the variable into equation 3
to find the other variable.

Step 5: Display the solutions.

Variable: a symbol (usually a letter) representing an unknown.
Commonly used variables are x and y.

Coefficient: a coefficint is a number multiplied by a variable e.g.32x
32 is the coefficient and x is the variable.

Worked examples

1. Solveforxandy: -2y + x =-1andx?-7-y2=—y

Solution

Step 1: Label equation 1 and 2.
y+x=-1 @ x*-7-y’=-y @

“ Simultaneous equations

Step 2: Construct equation 2 from either equation 1 or 2.
Equation 1 is less complex and has no square
variables and we have +x.
2y+x=-1 x=2y-1 ®

Step 3: Substitute equation 3 into the unused equation.
Remember to put equation 3 into brackets.
Equation 2 was not used to construct equation
3,therefore,we substitute equation 3 into 2.
x=2y-1 @ x?-7-y?2=—y @

Where there is x in the equation 3 we substitute
2y — 1:
(2y=1)2=7-y2 =y
(2y=N)2y=1)-7-y2 =~y
4y?-dy-6-y® =-y
y2-y-2=0->(y-2)p+1)=0
sLy=2o0ry=-1
Step 4: Substitute the answer of the variable into equation 3.
y=2intox=2y-1 y=-1into x=2y-1
x=22)-1..x=3 x=2-D-1..x=-3
Step 5: Display the solutions: x = 3,y = 2, and x = -3,
y=-1.

2. Solve for x and y simultaneously in the following equations:

x—2y=3and 4x?-3 = -6y + 5xy

Solution

Step 1: Label equation 1 and equation 2.
x—2y=3 @ 4x?-3=-6+5xy @




Nature of roots

Roots are solutions to an equation or the x-intercepts of a graph.
The word ‘nature’ in nature of roots simply means the kind,
classification or type of root(s). Roots are classified as follows:

¢« Real or non-real
« Rational orirrational
« Equal or unequal.

Real

Real numbers R
This is a set of numbers
consistingof rational and

irrational numbers.

eqg.4,-7, J43

Rational

Rational numbers Q
These are numbers are
Jperfect squares

e.g. V25 =5 and also can be

writen in the form % where a

and b are intergers but b # 0

1 3
e.g. 214

Equal

These are numbers that are
equale.g.x =2 or
x=2

Non-real/Imaginary

A square root of negative
numbers
Jnegative numbers

e.g. V-4

Irrational

Irrational numbers Q'
\/non — perfect squares
Jnon — perfect cubes

e.g.N&T 45

Unequal

These are numbers that are
unequal e.g. x = 2 or
x=5

The nature of roots of a quadratic equation
ax? + bx + ¢ = 0, where a, b and ¢ are rational numbers,
are determined by 52 — 4ac in the quadratic formula x

_ b + b2 - dac

2a

. The expression b2 — 4ac is known as the

discriminant and the Greek letter A (delta) is used to
represent it. The discriminant A= b? — 4ac helps us determine
the nature of roots of an equation without solving the
equations. (The nature of roots of quadratic equation can be
a single classification or combination of classifications as in

the table below.)

Roots Discriminant (A): b2 — 4ac
Real b?—4dac =0
Real, equal and rational b2—4ac =0

Real, unequal and rational

b? = 4ac > 0 and b* - 4ac
= perfect square

Real, unequal and irrational

b? = 4ac > 0 and b* — 4ac
# perfect square

Non-real/Imaginary

b2 —4ac <0

Nature of roots




Errors and misconceptions in algebra

Factorisation errors
Example:

Error: x2 — 9x = x(x — 9) (Correct), but learners confuse this with
x2—9 = x(x — 9) (Incorrect).

Misconception: Confusion between common factor, trinomial, and difference
of squares.

Strategy: Learn and understand all types of factorisation clearly, use algebra
tiles and matching exercises.

Quadratic Formula misuse
Example:

instead of 2a in the denominator.

[—b + bh2- 4ac]
2

Error: Using x =
Misconception: Learners omit ‘a’ or incorrectly substitute values.

Strategy: Learn the formula off by heart and understand the substitution into
the quadratic formula.

Inequalities and number line confusion
Example:

Error: Solving x2 — 4 > 0 and writing x > 2 or x > —2 instead of
x<—-2orx>2.

Misconception: Incorrect use of intervals and inequality signs.

Strategy: Use sign charts, number lines, and test values to master intervals.
Sign confusion when solving equations

Example:

Error: =3x = 9 - x = —3 (Incorrect reasoning in sign use).

Misconception: Misapplication of inverse operations; failure to apply sign/
operation rules.

Strategy: Master the rules of integer operations, use visual aids and repetition.
Binomial identity ciconfusion

Example:

Error: (x + 3)2 = x2 + 9 (Incorrect, missing middle term).

Misconception: Forgetting to expand the middle term in special products.

Strategy: Use the box/area method or square-the-first, double-the-product,
square-the-last.

Algebraic fractions misuse

Example:

x%-9
x—3

2
Error: = (XT) = (%) instead of factoring numerator.
Misconception: Attempting to simplify term-by-term instead of factoring.

Strategy: Learn factoring first before cancelling, use worked examples with
visual cues.

Incorrect isolation of variables

Example:

Error: x + 2 = 5 - x = 7 (Incorrectly adding).
Misconception: Confusion with inverse operations.

Strategy: Learn and understand the concept of balancing equations and
inverse steps explicitly.

Errors and misconceptions in algebra




Exercise 1: Algebra

Solve for x:

. x2-9x+20=0

3x2+ 5x =4
3x2-2x =14
x-3)&x+ D=5
xx+2)-9x+2)=0

.xx=7 =0

x-2)4+x)=0
x-1D2=2(1-x

LA +34+11=0

3x+i=4x+0

dr 2+l _ g

2 3

V43 —x—-x+1=0
2V2 —Tx = \-36x
(\/\/f—x)(\/\/f +x) -x=0

. ANT+H3x+2x=0
—F_~_ 15
. Vx—6-2 —

(x2+2)x-3)<0
G-Dx-2)<6

Caxx=3)=-2

x-12>9

. 3 (x-5<0

m Algebra: Exam type questions

Exam type questions

3x2-4x =10

3x2+ 10x—4 =0
3x2+x-1=0
2x+3)3-x) =2
2x3-x)=0
xXx+6)+1=0
x2-x-6=0
xB5x—1)=27x+ 1

x—6+)—2€=0,x#0
— 5=
V2-x=x-2
2Vx +6 +2=x
2-5 =2vx
V5-2x=3+4
Vx—-1+1=x
x4+ 7x<0
x—-5x—-6) =56
2x2-2=3x
15x— 4 < 9x?
2%x+4) =0

3%x +3)=0

43.
45.
47.
49.
51.
53.
55.
57.
59.

2x2-9x+4=0 44, 31 =2

3%3*-9) = 0 46. 2x7 = 64

V3 =512 48. 2572 4282 4 ¥ =4)

V2F = V4.2% 50. 3*7'-371-24=0

39y 4 2x X

e -1=0 52. 3% 423 =3

372 4 377 = 82 54. 57572 ="2"

2% 4+ 625 =16 56. 9>l = §

X3-x3=6 58. 26— 5% = (55— 6)2
2 _ 5%—1 _

x3-4=0 60. 7 =4

Exercise 2: Enrichment

1.

If 3% = 64 and 57 = 64, calculate without the use of a calculator,
[3-1]°
\/g\/l”

the value of:

Given that fix) = x> —2xy—8y2 =0
2.1 Determine the value of the ratio §
2.2 Hence, solve for xand y, if y = 4 — 2x

Given: P = a7 —16a”"
) a”>+4a7>!

3.1 Simplify P and show that P = a(a —4)
3.2 Hence, solve for P = 0

If 2*"1 + 2% = 3¥*2—3Y and x and y are integers, calculate the value
of x + y.

Determine the value(s) of a for which the graphs

fxo = x2—-2x-3and g(x) = 2x + a will not intersect each other.



9. Given: fix) = x> + 8x + 16. 2. Revise all types of factorisation

For which values of p will f(x) = p have TWO unequal negative roots? e Common factor: 2x + 4 = 2(x + 2)
. 5 . . B o Difference of squares: x2 — 25 = (x — 5)(x + 5)
10. Given: fix) = x“— 5x + 2. For which values of ¢ will f(x) = ¢ have e Trinomials: x2 + 5x + 6 = (x + 2 + 3)
no real roots? ¢ Grouping: Factor in pairs.
11. Prove that the roots of the equation x2 + Q2-px-3-p Tip: Always attempt to factorise before using the quadratic formula.

w

. Be careful with the quadratic formula

= 0 are real and unequal for all real values of p. e o]
—b +\b? — bac

12. Prove that the roots of 2x%— (k— 1)x + k—3 = 0 are real for all real ° Userx= 24
e Substitute values carefully.

values of k. e Simplify the discriminant first.
13. Prove that the roots of a>x? + abx + b*> = 0 are non — real for all e Watch out for negative signs.

real values of @ and b, a # 0 and b # 0. Tip: Check for non-real solutions if discriminant is negative.

+ p(6=p)— 4. Understand inequalities

14. Given: x = w. Determine the value(s) of p for which the e Solve like a nor?na| equation.

equation will have non — real roots. e Use number lines and test intervals.

¢ Flip inequality sign if multiplying/dividing by a negative.
Tip: Test regions between roots in quadratic inequalities.

15. Given: fix) = 3(x—1)?> + 5 and gx) = 3
Determine the value(s) of k for which f(x) = gx) + k has TWO

5. Work smart with algebraic fractions
unequal real roots.

Always factor first before cancelling.

16. Given that fix) = x> —2px + 8 + 2p has two equal roots and * Multiply by LCD to clear denominators.
p < 0, determine the coordinates of the turning point of A, if ® Do not cross-multiply unless it's a proportion.
_ Tip: Cancel only after factoring common terms.
hx) = fix) — 3. ; -
. 5 . 6. Know your identities
17. Given: 2mx~ = 3x — 8 where m # 0.Determine the value(s) of m for S (A R = o e Dy A R
which the roots of the equation are non — real. e (a— b2 =a?— 2ab + b?

e a2—b%2=(a+ b)a—0>b)

18. Prove that the equation 6x> + 2px — 3x — p = 0 has rational roots for . T
Tip: Do not confuse identities, apply each correctly.

all rational values of p. T .
. Time managemen
Algebra appears early in Paper 1 (Q1 or Q2).
Spend 10-12 minutes on 10-mark questions.
Move on if stuck, return later to save time.

19. Determine for which values of p will the equation

px? + (p—2)x + p = 0 have equal roots.
Practice timed questions from six years ago.

u Examination Tips on Algebra
Focus on solving for unknowns, quadratic, and inequalities.

This section offers key Algebra examination tips for Grade 12 learners Tip: Mark your work with official memos to see how marks are awarded.
preparing for the Paper 1 exam. Final thought

. Use past papers for practice

@ ¢ 00 o o o

1. Master basic algebraic manipulation e Algebra is about patterns, rules, and precision.

e Remove brackets carefully, especially when a negative is involved. e Train yourself to be methodical and let every line of work be part of your
e Simplify expressions before solving. answer strategy.

e Always show working for method marks. You have what it takes to crack the code!

BFPE Algebra: Exam type questions Unlock more pages and the complete book when you purchase the study guide.
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Calculus

Limits
= | Key concepts

Determining the first derivative using first principles
Finding the derivative using rules of differentiation
Finding the equation to tangents to curves

The limit concept is used to indicate that the values of a variable
move nearer and nearer to a specific number until a point is
reached, after which the difference between the values of

the variable and the number are so small that for all practical
purposes these values can be regarded as equal to that number.
The limit of a function fis defined as lim flx). This is interpreted

as the value that the function f approaches as the variable of the
function x approaches a specific value a.

ot = 20+ 1 = 2 sketched below.

Given the function fix) =

x—2

2,9

When the value of x is 2, we observe that the function of fis

, B ) (@2 =-20+1)2-2)
undefined or at x = 2, f does not exist (f(2) = 5% —

f(2) = undefined). When we observe the function of ffrom x = 1
and towards x = 2, we observe that when the x values approach or
get closer to 2 the graph of fapproaches the y value of 1.

Limits

When dealing with limits, understanding factorisation will be resourceful.

a’?—b%=(a + b)la — b) (b —a) = —(a —b)

a’ — 2ab + b% = (a — b)? a’+ 2ab + b% = (a + b)?

a®—b%=(a—b)a?+ab + b2 |a®+ b3 = (a + b)a®— ab + b?)

Worked examples

1. Determine |im25(x + 5)

Solution
|im25(x + 5) = substitute x = 2

= |im25(x + 5)
=52 + 5)
=35

x3—27
x—3

2. Determine the value of Iim3
x =

Solution

. 3 _ .
I|m3xx — %7 — we cannot substitute x = 3 because the
X —

denominator will be 0, therefore simplify.

=inLan2 + 3x + 9 - substitute x = 3
= |im3x2 +3x+9=03)2+33) +9
=27




X<\ Rules of Differentiation 1.5 foo = —7’2/;

Determine the f'(x) for each of the following : fo) = —72—]5

1.1 1 .

12 (420 U= S

1.3 G+ DG? —2x +4) fa=—%x7s

1.4 Vx* _ 1

15 —1% o
b

1.6 flir)=4x8—5x%+9x

8§ _z 6 e
1.6 If4x° — 5x° + 9x, determine f'(—1) Pl = 3247 — 305 + 9

1.7 =049 Gotermine £/(3) (=D =32(=1D7 = 30(=1> + 9
2x? _
Solutions
1.1 f(x) :xil :4x8*6x6+9x4
floo = —x2 H e 222
1 f(x) _ x2(4x% — 6x* + 9x2)
-T2 2x2
' f(x) — 4x° — 6x* + 9x2
1.2 foo =G+ 2x +2) . 2 s
f(x)=x2+4x+4 lf(x)—2x5—3x ;—Ex
f/()C) — 2X L 4 f(X) = 12)(,' - 12){,’ Sl 9x
£(3) =123)° — 12(3)° + 9(3)
13 foo =G+ DG2—2x + 4) =2619

f(x)=x3—2x2+4x+x2—2x+4
fooy=x>—x>+2x+4
Sfl)=3x2—2x+2
1.4 foo = x>
f'oxo =

X3

x

Wik WA =

m Rules of differentiation



Eliminating brackets

1. Differentiate using rules of differentiation. ;é
y = (2 — 5x)? - expand brackets '
y = (2 — 5x)(2 — 5x) — distribute brackets
y =4 —20x + 25x2
The equation is simplified to y = 4 — 20x + 25 x? therefore,
differentiate.
y=4—20x"+ 25x2 — derive

S

d

+=0-M20x" "'+ (2.25x> > > = —20x° + 50x'

d

d_yx = —20 + 50x

Eliminating surds

2. Differentiate using rules of differentiation:
y=2x2+ Vi3
y=2x%+ 2\/;
y = 2x2 + x%
The equation has been simplified and surd eliminated;
therefore, differentiate.

k&l%&

3o
y = 2x% + x2 derive

=22x21 + %.(x%_ )

Calculations on rules of differentiation

Eliminating fractions

d
3. Differentiate using rules of differentiation. = @

d Remember
_\X 1
6x a—n — i
_Nx +5x T a"
3.2 y=—"5— x_/
Solutions
— ¥ 1
3.1 =5 T3
x% 1x73

2 6
The equation has been simplified, fractions and surds have been
elimirllated, therefore, differentiate.

_x2_ 1x? :
y=3 ¢ derive
d 1 -3-1 d -1 -4
y —1x2  (_3yx x4 x"
7 72 Vo=t
4 _ 1 o
a 1 4
X 4x2 ZX
5 =_1 4 1 Note that the answer is in positive exponents
A N P P p .
_ X + 5x
3.2 y=" Note
_ VX S5x
yY=% 1t % M
+
1
% 1 }( v
y=x2+35

The equation has been simplififed fractions and surds has been
eliminated; therefore, we can differentiate.

y= x72 + 5 — derive

d 1

L (Yo
d 3

D= X

d 2
L

d, 2%

Calculations on rules of differentiation m



Tangents

On the graph of fthe gradient at any point is: f ' (x) = gradient at the

Tangent: a tangent is a line that touches a graph at ONLY one point, where x is the value of the point. Therefore, the derivative is:

point called the point of contact (P.O.C). * the gradient of the tangent (at a specific x — value)
f'(x) = Gradient of the tangent * the gradient at a point
= f'x coordinate of PO.C) = Gradient of the tangent * the instantaneous rate of change (velocity).

Equation of a tangent: y = mx + ¢

Worked examples

Ya
; 1. Determine the average gradient of fix) = x2 4+ x between
tangent x=1andx =5.
X Solution
(x; y) P.O.C . Yo 7Yy
/, (point of contact) When using: m = X, — X,

M =M2+1) =2 point=(1;2)
f(5) = (52 + (5) =30 point = (5; 30)

Average gradient and gradient at a point

: , _ 27 _30-2 _
If the graph is a curve, then the gradient between different pairs of (1:2),(5; 30) m Yo% 51

points on the curve f betweenx, = a and x,, = b, the gradient (or ~.average gradient, m = 7.
average rate of change) is defined to be the line joining the points
on the graph of the graph f. We say the average gradient of f over - C fxth) - fw
the interval is the gradient on line ab. en using-m = = ) X
v~y fx+ B = fon fh+h=+h +x+h=x"+2xh+h“+x+h
Average gradient: m = xi _xl or Average gradient: m = ~—————— foo =x%+x
_ x4+ 2ch+ P+ x+h—x’+x _ h2x+h)
Average gradient: m = W; h=&,—x,) m : , h_ h
f(x1+(x2—x1)>—f(x1) "o x+h—>h—x2—x1
- = m=2N+6-1=7

.. average gradient, m = 7.

m Tangents



Activity 6 BENRERIERT NIV

1. Determine the equation of the tangent to the graph defined by:
foy=Gx+3)Q2x+ 3)%atx = %

2. Determine the equation of the tangent to the graph defined by:
g = 2x2+ 6x — 3at(1;4)

3. Determine the equation of the tangent to the graph defined by:
g = x2 4+ 2x — 3wherex = —1

4. Determine the equation of the tangent to the graph defined by:
yx + 20 = 0 where x = 3

5. Givenf(x) = —4x + x2. Determine the equation of the tangent to
the graph of f at the point where f'(x) = 1

6. Given:fix) = 4x? + 1. Calculate the equation of the tangent of f at
the point (3; 8)

7. The equation of a tangent at the point (— 1; 3) on the curve
fox)y = ax® + bxisy = 2x + 3.
Calculate the values of a and b.

8. Theline y = 9x + 5 is a tangent to the curve g(x) = ax’ — bx at
x=1.
Determine the values of a and b.

Solutions

1. fox)=4x3+24x>+ 45x + 27
fi(x) = 12x% + 48x + 45
f/(%) - Mtan - 72

56 =72(3) + ¢
c=20
Sy =T2x + 20
2. f)= 2x2+6x—4

fx)=4x+6 m=f(1) =10
4 =101 + ¢
SLy=10x—6

3.

gy=m=2x+2

g=D=0

g=1=—4
—4=0-D +c¢
sy=—4

1=—-4+2x
sx:%ls
i) =2
-1+

c=-2

floxo = 3ax® + b
2=3a(—1)>+b

b=2—-3aeql
3=a(—=D>+b(—1)
3=—a-—b>b
b=—a—3 ®

_ 5
T
= A

4.

yx = —20
y==
& _ 2
dx xz
y3) =2
_ 20 _ 20
= () =2u-
y=Sx
fx = 8x
m = f'(3) =24
8 =2403) + ¢
c=—64
Sy =24x — 64

9 = 2a(1) — b(1)

b=2a—-—9 @
14 = a(D? — b(1)
14=a—beq2
14=a—2a+9
a=—5
14=-5—-0p»
b= -19

Tangents



Errors and Misconceptions in Differential Calculus

This summary identifies common errors and misconceptions made by Grade
12 learners in Differential Calculus, this will guide you to Crack the Maths
Code properly!

Power rule confusion

Example: Error: (%) = 5x instead of 5x*.

Misconception: Learners drop the power but forget to subtract one.
Strategy: Reinforce the full rule: %(x") = nx"~ . Practise slowly with visual
exponents.

Differentiating constants incorrectly

Example: Error: 4(7) = 7 instead of 0.

Misconception: Learners think all terms are treated the same way.

Strategy: Emphasise that the derivative of a constant is always zero with
repeated practice.

Incorrect interpretation of turning points

Example: Error: Learners solve f'(x) = 0 but do not test the second derivative.
Misconception: They assume any stationary point is a maximum or minimum.
Strategy: Teach the second derivative test clearly and apply it to both sides of
the x-value.

Gradient misinterpretation

Example: Error: Plug x into f{x) instead of f'(x) when finding the gradient.
Misconception: Learners confuse the function with its derivative.

Strategy: Highlight that gradients come from f”(x), not f{x); practise questions
explicitly requiring both.

Errors in sketching gradient graphs

Example: Error: Learners draw f'(x) instead of f{x), or reverse roles.

Misconception: Confusion between original function and derivative graph.

Strategy: Link signs of f'(x) with increasing/decreasing behaviour of f{x) visually.

Incorrect application of first principles

Example: Error: flx + h) — f{x) = h without taking the limitas 2 — 0.
Misconception: Learners leave the expression unsimplified or forget limits.
Strategy: Practise the complete structure of the limit definition with structured
layout.

Application problem missteps

Example: Error: Build equation correctly but fail to interpret units or relevance
of answer.

Misconception: Focus only on solving instead of understanding context.

Strategy: Make learners explain the meaning of their answer in sentences or
diagrams.

Ignoring undefined points or domains
Exameple: Error: Learners find critical points where the function is not defined.

Misconception: Assume derivatives exist everywhere.

Strategy: Reinforce checking domain before differentiating and solving.

m Errors and Misconceptions in Differential Calculus




Cubic functions

Overview of cubic functions

O

—=

Key concepts

Factorising polynomials

Sketching and interpreting cubic functions

Determining the equations of tangents to graphs

Using calculus to solve complex problems (optimisation, rates of
change and calculus in motion)

Standard form: fix) = ax3 + bx? + cx + d

d ¥4

¥

a, b and ¢ are the x-intercepts: fix) = 0

d is a Turning Point (local maximum) and
e is a Turning Point (local minimum):

f'x)y = 0.

fis the Point of Inflection: f”(x) = 0.

g is the y-intercept: d in the equation fx).

Jox) =ax3+bx?+cex+d

The role of a: a is the shape of the graph.

If ais positive or a > 0

y

If ais negative or a < 0
Ya

N A

/

NVZER

The role of d: d is the y-intercept of the graph.

y-intercept
SN

Ya

\ y-intercept /\

/-

NVZERS

A\

Cubic functions

155




Calculate the x-intercepts of the following functions:
11 o= —x*+6x>*—9%x +4

1.2 gy =x>—3x—2

1.3 k(x) = x> —5x>—8x + 12

Solutions
1.1 fla) =
A =—=0)+6()>—-901) +4
AD =0
(x — 1) is a factor.
We therefore, use the FACTOR THEOREM TEMPLATE.

coefficients of cubic polynomials

=] |pe® X | 4 constant

2| 9
factor—’l J/v J/v_ J
-1 | < 7o |

constant
addition o
going .. multiplication answer f|na| answer
down .. across is always
) -~ ZERO
—x?+5x—4=0
x2—=5x+4=0

x—Hx-1)=0
x=1orx=4
.. (4;0) and (1; 0) are the x-intercepts.

1.2 g@ =0
g=D=C1D"-3(-D -2
g=1D=0

(x + 1) is a factor.
Therefore, we use the FACTOR THEOREM TEMPLATE.

m Factor theorem

coefficients of cubic polynomials

-1 x3| 0 [x2] -1 | -2 |constant
factor——'l -1 - 1 +J/v_2 +J
2 || o |
constant
addition
going .. multiplication answer flnalanswer
down .. across is always
- ZERO

—x2+1x—2=0

xX>=x+2=0

x+DHx—2)=0

x=1orx=1

.. (2;0) and (—1; 0) are the x-intercepts.

1.3 k@ =0.
k(1) = (1) —=5()?*—=8(—D + 12
k(1) =0

(x + 1) is a factor.
Therefore, we use the FACTOR THEOREM TEMPLATE.

coefficients of cubic polynornials

| 1 x3 -5 x2 -8 |12 |constant
factor=1_ J/v J} J/v J
| RS EREEN
constant
addition
going .. multiplication answer flnal answer
down .. across is always
- ZERO

x2—4x—-12=0

x—6)x+2)=0

xX=6 orx=—2

= (=2;0), (6; 0) and (1; 0) are the x-intercepts.



Points of inflection

The point of inflection is a point where the function changes
concavity. f'(x) — second derivative of f(x).

Methods of finding the point of inflection

1. Using the equation of the graph find the second derivative,
equate to ZERO, then solve for x. To find the corresponding
y-value substitute the x-value in the original function f.

NOT f'(x) or f"(x).

2. The point of inflection is the midpoint of the maxima and

minima. Use the maxima and minima coordinates in the

x, +x, y, +y .
formula (x ;y ) = (172, 1Tz> to calculate the coordinates
m m
of the point of inflection.
3. The point of inflection is the midpoint of the x-intercepts of the

parabola. Use the x-intercepts coordinates in the formula
x, tx, y, +

i m) = (22757
point of inflection.

Worked example

Y

) to calculate the coordinates of the

Given fix) = x> — x> — x + 1. Determine the point of inflection.
Solution

First derivative: f'(x) = 3.x3 =1 — 2x2
floe) =3x2—2x — 1

-Mx'""'+0

Second derivative: f"(x) = 3.2)x?2 "1 —2.(Mx" " " -0
fx) = 6x — 2 - equate to ZERO, then solve for x.
6x — 2 = 0 — solve for x

x=1
3

Unlock more pages and the complete book when you purchase the study guide.

the point of inflection is x = %—> substitute into the original
equation
foy=x3—x?—x+1

)= (-0 - @)+
)=z
y-coordinate of the point of inflection is y = %

1,16
37 27

.. the point of inflection is (

Concavity

Concavity is a measure of how much a function bends or changes
direction at a given point.

When a function is bent upwards, it is concave up. When bent
downward it is concave down.

Concave down

¥\

Testing for concavity

Concave up

S

*  f"x) = O: represents the point of inflection. At this point the
graph has no concavity or is not changing direction.

® f"x) > O: represents an area where the graph is concave up or
fx) = +.

® f"x) < O: represents an area where the graph is concave down
orf'x) = —.

Points of inflection



Lines

Straight line

=mx +c¢
Y Y, — ¥,

gradient (m) = XETX

:
¢ = y-intercept

Horizontal line

y horizontal line

A

v

The gradient of a horizontal line is ZERO.
M,=0

Analytical geometry revision

Parallel lines ||

Lines that share the same gradient

The gradient of line A is equal to the gradient of line B.
M, =M, |Line A || Line B]

Perpendicular lines |

Lines that meet at a 90°angle

A B\ d
The gradient of line A multplied by the gradient of line B is equal

to negative one (—1).
M, XM, =—1 ILine A L Line Bl



Vertical line

y vertical line

N x

The gradient of a vertical line is UNDEFINED.
M, = UNDEFINED

Distance formula

Used to measure the distance(length) between two points

/ B(XZ; yz)

Alx;; y,)

AB = \/(xz — )2+, — )

Collinear points

Points that lie on the same line and have the same gradient
./‘/E
B
A

If A,B and C are collinear then the gradient of AB is
equal to the gradient of BC and AC.
Mag = Mgc = Myc

m Analytical geometry revision

Angle of inclination

The angle of inclination is the angle that the
straight line makes with the x-axis.

D X

The angle is always measured anti-clockwise.
tanp= gradient,,  tana = gradient,

Midpoint formula

The halfway point between two points

B(Xn; Yim)
Alx; y,)

) (N +x2. » +y2
Cmt V) =\ T2 77 2

Revolution

Angles at a point add up to 360°

a+ B+ 6=360°

m < 0: = 180° + tan' (-m)
m > 0:Q = tan”' (-m)



Quadrilaterals and triangles

Square

All four (4) sides are equal in length.
All four (4) angles are equal to 90°.

Diagonals are equal in length and bisect corner angles. |
Opposite sides are equal in length and parallel. ! A

Diagonals bisect each other at 90°.
Area = side X side

Rectangle

One pair of opposite sides are parallel.
All four (4) angles are equal to 90°.
Diagonals equal in length.

All properties of a parallelogram

Area = Length X Breadth

Trapezium

Opposite sides are parallel.
1

Area = Z.h(L, +L,)

L1 and L2 are the distances of
the parallel sides.

Kite

Diagonals intersect at 90°.

d, xd,

Area = 5

d,, d, are diagonals

Parallelogram

Opposite interior angles are equal.
Opposite sides are equal in length.
Opposite sides are parallel.

Both diagonals bisect each other.
Area = base X perpendicular height

Rhombus
All four sides are equal.
Diagonals bisect each other at 90°. '

Opposite sides parallel. |.
Diagonals bisect the corner angles.

Opposite angles are equal angles.
Area = base X perpendicular height

Right-angled triangle

Area of AABC = %.base X perpendicular (L) height

Area of AABC = %.BC X h A
h

B €

Obtuse triangle
Area of AABC = %.base X perpendicular (L) height

Area of AABC = 5.AC.h B
ﬁh
A C D

Quadrilaterals and triangles m
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In the diagram below, A(1; 4), B(—3; —4),C(2; k) and D(x; y)
are vertices of a rectangle. AB and DC cut the x-axis at G and H
respectively. GD is drawn. GHC = p

y A(1; 4)

D(x; y)
G/ R

0 B/ H X

B(-3; -4)

v C(2; k)

1.1 Calculate the gradient of BG.

1.2 Determine the equation of AB in the form y = mx + c.
1.3 Calculate the values of k(y-coordinate of C).

1.4 Calculate the coordinates of D.

1.5 Calculate the size of j.

1.6 Calculate the area of ADHG.

Solutions

ABCD is a rectangle

A(1; 4)
D(x; y)
A o/ '
| \/H X

v C(Z, k)

Calculations on Analytical Geometry
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1.1 To find the gradient of BG(MBG), you need to find M .

MBG =M A B, G, and A are collinear points.
A(1;4) B(—3; —4) > M, = 2=
_ —4-4_ -8 _
M= 1%~
My, =
I\ 2

1.2 The equation of AB: y = mx + cand M, ; = 2
y = 2x + ¢, passes A(1; 4)

4=21) +c
e=2
y=2x+2

1.3 AB 1L BC .. M, XM = — 1. To find k, we need to find the
gradient of BC using the gradient of AB, then use the gradient
of BC to find kM ,, = 2.

2X My, =—1
_ _1
Mpc = =3
C(2: HB(=3; —4) > M, = 21—
_ —4—k
MBc_ =3 =2
_%: :g_’; — solve for k
(=4 - kb.(=2)=1.(=5)
8 +2k= -5
2k = —13
k=B

2



1.4 D is the point of intersection of line AD and CD. To find D, we
equate straight lines AD and CD.
We need to find equation AD using the gradient of BC (AD || BC,
therefore, M, ; = My c) and point A to find the y-intercept of

g . _ _1 _ _1
line AD: M, = — therefore, M, = —5;  |[BC || AD|

Line AD:y =mx + c:y = —%x + ¢ passes A(1; 4)
4=—2D+c
C = 2

2
Line AD: y = —%x -+ % — Line CD: MCD = 2 therefore,

M, =2 |Line CD || Line AB|
y =2x + ¢ passes C(Z; —E)

2
—2 =22 +c¢
A}
Line CD: y = 2x — 2—21 — equate the y-values:
_1 9 _H. _ 21
EX ol 7= 2x >
—%x =—15
x = 6 — substitute x-values into either Line AD or Line CD
y= 30 43
y=3
D(6; %)
1.5 a=p |vertically opposite angles are equal|
tana = M,
tan ¢ = 2
a = tan" '(2)
a = 63,43°
B = 63,43°

1.6 Area of ADHG = 2.GH X h
GH can be found by finding the coordinates of G and H. G is

the x-intercept of AB and H is the x-intercept

of CD.
Line AB:y = 2x + 2 LineCD:y=2x—%
G:y = 2x + 2 — G is the x-intercept
0=2x+2
x=—-1
G(— 1;0)
Hiy=2x— % — H is the x-intercept
0=2x—2
x=2

H(%; 0) Distance GH = 1 + % = 6,25 units 1 = %z Area of
ADHG = 1.GH X h

Area of ADHG = %.(6,25) X (%) = 4,69 square units.

.. Area of ADHG = 4,69 squared units

In the diagram below, A(5; 0), B(7; 6) and P(x; y) form a triangle.

BP = AP and E is the midpoint of AB.

2.1 Determine the coordinates of E.

2.2 Determine the equation of line BA.

2.3 Line BA is parallel to straight line with equation
rx—3y+5=0
Calculate the value of r.

v C(2; k)
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The circle

Essential Formulas:

e Distance formula: d = \/((xz -5+ (v, y,)?

e Midpoint formula (to find centre from diameter endpoints):
by +x) Oy )

A circle with the centre at A circle with the centre at
the origin (0; 0) S(a; b)

y ¥t M=(———7)
e Gradient of radius: m,, and tangent: m,, then m,-m, = —1
Deep Understanding of:
e How to derive the radius using the distance formula.
r radius e How to use the midpoint to find the centre when diameter is given.
o e How to determine whether a point lies on the circle by substitution.

) 0(0; 0) X \ e How to find the equation of a tangent to the circle at a specific point.
circle e How to determine whether a line is a tangent using perpendicularity.
centre Thinking Strategies:

circle e Sketch the circle and label known points and coordinates.
centre e Interpret geometric features algebraically (e.g., tangents, chords, radii).
\ v e Use algebraic techniques like substitution and solving simultaneously.
Equation of the circle: Equation of the circle r’hat r.nu.St be mastered?
> 2 2 > > 2 ey Skills:
Tty =r w—at+—b)=r e Writing the equation of a circle from the centre and a point on the circle.

e Determining the centre and radius from the general form by completing
the square.

of the circle. e Finding the point of intersection between a line and a circle.

e \Verifying tangency using perpendicular gradients.

e Calculating distance from the centre to a point or a line.

Mastery Indicators:

e You can confidently convert between geometric and algebraic

Important Concepts in Circle Analytical Geometry representations.

e You understand that tangents are special lines with geometric significance.

e You can solve multi-step problems involving line-circle relationships.

Crack the Code strategy

“The circle may be round, but your thinking must be sharp.”

To crack circle geometry:

e Know your circle equation and how to manipulate it.

e Visualise every step, sketch, label, interpret.

e Use logic and method to prove geometric relationships.

e Don't skip steps, marking depends on justification!

Radius (r): a line drawn from the circle centre to circumference

Circle centre: (a; b)

What must be known?

These are the foundational concepts and formulas related to circles in
Analytical Geometry:

Key Concepits:

e Adcircle is defined by the equation: (x —a)? + (y — b)? = r?

Centre of the circle: (a; b)

Radius: r (use distance formula if not given)

A tangent is perpendicular to the radius at the point of contact.
The diameter is twice the radius and passes through the centre.

Unlock more pages and the complete book when you purchase the study guide. The circle  WEDS
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